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Abstract
Let d ∈ C∞(Rn \ {0}) be a non-radial homogeneous distance function of degree d ∈ N satisfying d(tξ) = tdd(ξ). For
f ∈ S(Rn), we define square functions Gδd f (x) associated with quasiradial Bochner–Riesz means Rδd ,t f of index δ by
Gδd f (x) =
( ∞∫
0
∣∣Rδ+1d ,t f (x)− Rδd ,t f (x)∣∣2 dtt
)1/2
where Rδd ,t f (x) = F−1[(1 − d/td )δ+fˆ ](x). If {ξ ∈ Rn: d(ξ) = 1} is a smooth convex hypersurface of finite type, then we
prove in an extremely easy way that Gδd is well-defined on H
p(Rn) when δ = n(1/p − 1/2) − 1/2 and 0 < p < 1; moreover, it
is a bounded operator from Hp(Rn) into Lp,∞(Rn). In addition, if d ∈ C∞(Rn \ {0}), then we also prove that Gδd is a bounded
operator from Hp(Rn) into Lp(Rn) when δ > n(1/p − 1/2)− 1/2 and 0 <p < 1.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction
Let S(Rn) be the Schwartz space on Rn. For f ∈ S(Rn), we denote the Fourier transform of f by
F[f ](x) = fˆ (x) =
∫
Rn
e−i〈x,ξ〉f (ξ) dξ.
Then the inverse Fourier transform of f is given by
F−1[f ](x) = fˇ (x) = 1
(2π)n
∫
Rn
ei〈x,ξ〉f (ξ) dξ.
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{At }t>0 in Rn generated by the infinitesimal generator M , where At = exp(M log t) for t > 0. We introduce At -
homogeneous distance functions d defined on Rn which is of degree d ∈ N; that is, d : Rn → [0,∞) is a continuous
function satisfying d(Atξ) = tdd(ξ) for all ξ ∈ Rn and t > 0. If At = tI , then we call such d a homogeneous
distance function of degree d . One can refer to [4] and [16] for its fundamental properties.
In what follows we shall denote the unit sphere of d by Σd  {ξ ∈ Rn: d(ξ) = 1} and denote by Rn0 = Rn \ {0}.
We use the polar coordinates; given x ∈ Rn, we write x = rθ where r = |x| and θ = (θ1, θ2, . . . , θn) ∈ Sn−1. Given two
quantities A and B , we write A B or B A if there is a positive constant c (possibly depending on the dimension n
and the index p to be given) such that A cB . We also write A ∼ B if A B and B A. For e ∈ Sn−1, we let Def
denote the directional derivative 〈e,∇ξ 〉f of a function f (ξ) defined on Rn. For e ∈ Sn−2, we let Dwe g denote the
directional derivative 〈e,∇w〉g of a function g(w) defined on Rn−1.
For f ∈ S(Rn), we consider square functions
Gδd f (x) =
( ∞∫
0
∣∣Rδ+1d ,tf (x)− Rδd ,t f (x)∣∣2 dtt
)1/2
associated with quasiradial Bochner–Riesz means Rδd ,tf = F−1[(1 − d/td)δ+fˆ ] of index δ, which was originally
introduced by E.M. Stein [13]. It is well known that multiplier criteria and results for maximal functions are controlled
by the mapping properties of square functions.
In the special case that and At = tI and 2(ξ) = |ξ |2, Kaneko and Sunouchi [7] proved that if 0 <p < 1, then Gδ2
is bounded from Hp(Rn) into Lp,∞(Rn) at the critical index δ = δ(p) n(1/p − 1/2) − 1/2 where Hp(Rn) is the
standard real Hardy space defined in Stein [14] and Lp,∞(Rn) is one of the Lorentz spaces (which is called weak-Lp
space) defined in Stein and Weiss [17]. Sato [11] proved that if δ = (n − 1)/2, then Gδ2 is a bounded operator from
H 1(Rn) into L1,∞(Rn). On the other hand, it was shown by Igari and Kuratsubo [6] that if δ > n|1/p − 1/2| − 1/2
for p > 1, then Gδ2 is bounded on L
p(Rn). Moreover, this result was improved by Kaneko and Sunouchi [7] to
δ > n(1/p − 1/2) − 1/2 for 1 < p  2 and δ > n(1/2 − 1/p) − 1 + 1/p for 2  p < ∞. We note that this is best
possible for 1 <p  2.
In case that At = tI and 1(ξ) = |ξ |, Carbery [2] proved that if δ > 2(1/2 − 1/p) − 1  −1/2 for 2  p < ∞,
then Gδ1 is bounded on L
p(R2).
In case that 1 ∈ C[n/2+1](Rn0) is At -homogeneous distance function of degree 1, Dappa and Trebels [4] proved
that if δ > n|1/p − 1/2| − 1/2 for 1  p < ∞, then Gδ1 is bounded on Lp(Rn) for 1 < p < ∞ and is of weak
type (1,1). In case that 1 ∈ C∞(Rn0) is At -homogeneous distance function of degree 1 and the surface measure
dσ1 on Σ1 satisfies d̂σ1(ξ) = O(|ξ |−η) for 0 < η  (n − 1)/2 as |ξ | → ∞, it was shown by Seeger [12] that if
δ > n(1/2 − 1/p) − 1  n/[2(η + 1)] − 1 for 2  p < ∞, then Gδ1 is bounded on Lp(Rn), which is a partial
extension of Carbery’s result [2] in higher dimensions.
The purpose of this article is to obtain sharp weak type endpoint (δ(p) = n(1/p − 1/2) − 1/2) results of Gδ(p)d
on Hp(Rn), 0 < p < 1, under certain curvature condition on Σd , where d ∈ C∞(Rn) is a homogeneous distance
function of degree d ∈ N. That is to say, this result is to generalize that of [7] in Rn to non-radial cases (which is
of finite type and convex) by using the arguments based on the result in [9]. Here Hp(Rn) denotes the standard real
Hardy space as defined by E.M. Stein in [14].
In our first result we shall assume that d ∈ C∞(Rn0) a non-radial homogeneous distance function of degree d ∈ N
and Σd is a smooth convex hypersurface of Rn which is of finite type, i.e. every tangent line makes finite order of
contact with Σd .
Theorem 1.1. Suppose that d ∈ C∞(Rn0) is a non-radial homogeneous distance function of degree d ∈ N and Σd is
a smooth convex hypersurface of finite type. Then Gδ(p)d is well-defined on Hp(Rn) when 0 <p < 1; moreover, Gδ(p)d
is a bounded operator from Hp(Rn) into Lp,∞(Rn). That is, there is a constant C = C(n,p,Σd ) > 0 such that for
any f ∈ Hp(Rn),∣∣{x ∈ Rn: Gδ(p)d f (x) > λ}∣∣ Cλp ‖f ‖pHp, λ > 0,
where |E| denotes the Lebesgue measure of the set E ⊂ Rn.
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on Σ , which is to be called a spherically integrable condition of order < 1 in Section 2.
(ii) In case that d is radial (in fact, d(ξ) = d(1)|ξ |d by the homogeneity condition), some properties of the
Bessel functions could be used in order to estimate decay of the Bochner–Riesz kernel. However we cannot do that in
case of non-radial d and a convex hypersurface Σd of finite type, which may cause some difficulty to obtain decay
of the kernel. In fact, if ξ(x) is the point of Σd whose outer unit normal vector is in the direction x and at which the
Gaussian curvature vanishes, then the decay of the quasiradial Bochner–Riesz kernel is pretty bad in the direction x.
This makes the problem more complicated and difficult than the radial case. But it turns out in Corollary 2.8 that the
angular part Φ(θ) of the decay of the kernel should be in Lp(Sn−1) for any p with 0 < p < 1. So it is possible to
work it out in spite of badness of the kernel.
Our second result is to obtain that if δ > n(1/p − 1/2) − 1/2 for 0 < p < 1 then Gδd admits (Hp,Lp)-estimate
under no surface condition on Σd where d ∈ C∞(Rn0) is a non-radial homogeneous distance function of degree
d ∈ N.
Theorem 1.2. Suppose that d ∈ C∞(Rn0) is a non-radial homogeneous distance function of degree d ∈ N. If δ > δ(p)
for 0 <p < 1, then Gδd is a bounded operator from Hp(Rn) into Lp(Rn); that is, there is a constant C = C(n,p) > 0
such that for any f ∈ Hp(Rn),∥∥Gδd f ∥∥Lp  C‖f ‖Hp,
provided that δ > n(1/p − 1/2)− 1/2 and 0 <p < 1.
Remark. This problem is still left open on the critical index δ = n(1/p − 1/2)− 1/2 and 0 <p < 1.
The outline of the paper is as follows. In Section 2, we shall furnish preliminary estimates on smooth con-
vex hypersurface Σd of finite type and decay estimate for the quasiradial Bochner–Riesz type kernel Kδ(p)d =
F−1[d(1 − d)δ(p)+ ] (0 < p < 1) whose proof is based on a certain decomposition of the multiplier d(1 − d)δ(p)+
like that of the Bochner–Riesz multiplier (1 − |ξ |2)δ(p)+ used in Córdoba [3], and also give (Hp,Lp,∞)-estimates
of Gδd for the case that d ∈ C∞(Rn0) and δ = δ(p), 0 < p < 1. In Section 3, we shall obtain (Hp,Lp)-estimates
of Gδd for the case that d ∈ C∞(Rn0) and δ > δ(p), 0 <p < 1.
2. (Hp,Lp,∞)-estimate for the case that d ∈ C∞(Rn0 ) and δ = δ(p), 0 < p < 1
In this section we shall focus on obtaining (Hp,Lp,∞)-mapping properties of the square function Gδ(p)d associated
with the quasiradial Bochner–Riesz means Rδ(p)d ,t of index δ(p), 0 < p < 1, under the condition that Σd is a smooth
convex hypersurface of finite type, where d ∈ C∞(Rn0) is a non-radial homogeneous distance function of degree
d ∈ N.
Let Σ be a smooth convex hypersurface of Rn and let dσ be the induced surface area measure on Σ . Let E(Σ)
be the set of points of Σ at which the Gaussian curvature κ vanishes, and let N (Σ) = {n(ξ): ξ ∈ E(Σ)} where n(ξ)
denotes the outer unit normal to Σ at ξ ∈ Σ . For x ∈ Rn, denote by d(x/|x|,N (Σ)) the geodesic distance on Sn−1
between x/|x| and N (Σ), and by B(ξ(x), s) the spherical cap near ξ(x) ∈ Σ cut off from Σ by a plane parallel to
Tξ(x)(Σ) (the affine tangent plane to Σ at ξ(x)) at distance s > 0 from it; that is,
B(ξ(x), s)= {ξ ∈ Σ : dist(ξ, Tξ(x)(Σ))< s},
where ξ(x) is the point of Σ whose outer unit normal vector is in the direction x and dist(ξ, Tξ(x)(Σ)) is the shortest
distance between ξ ∈ Σ and the tangent plane Tξ(x)(Σ). These spherical caps play an important role in furnishing the
decay of the Fourier transform of the measure dσ . It is well known [10,14] that the function
Φ(θ) sup
r>0
σ
[B(ξ(rθ),1/r)](1 + r) n−12 (2.1)
is bounded on Sn−1 provided that Σ has nonvanishing Gaussian curvature.
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condition of order < 1 if Φ ∈ Lp(Sn−1) for any p < 1.
Remark. (i) B. Randol [10] proved that if Σ is a real analytic convex hypersurface of Rn then Φ ∈ Lp(Sn−1) for
some p > 2. Thus any real analytic convex hypersurface satisfies a spherically integrable condition of order < 1.
(ii) Let Σ be a smooth convex hypersurface of finite type k  2 and suppose that N (Σ) is a m-dimensional
submanifold of Rn which is on Sn−1, where m < [k(n − 1)]/[2(k − 1)]. Then we see (refer to [8]) that Σ satisfies a
spherically integrable condition of order < 1. Moreover, it is not hard to see that Σ satisfies a spherically integrable
condition even for m n− 2. We mention for reader that it can be shown by Lemma 2.8 [8] and the fact that Σ is of
finite type P(k); i.e. there is some constant C = C(Σ) > 0 such that for any θ ∈ Sn−1,
Φ(θ) C
d(θ,N (Σ)) k−22(k−1) (n−1)
.
Since Σ is smooth and of finite type, it is absolutely impossible that N (Σ) is a (n − 1)-dimensional submanifold
of Rn which is on Sn−1.
(iii) More generally, it was shown by I. Svensson [18] that if Σ is a smooth convex hypersurface of finite type
k  2 then Φ ∈ Lp(Sn−1) for some p > 2.
Thus, by the above remark (iii), it is natural for us to obtain the following lemma.
Lemma 2.2. Any smooth convex hypersurface of finite type always satisfies a spherically integrable condition of
order < 1.
Sharp decay estimates for the Fourier transform of surface measure on a smooth convex hypersurface Σ of finite
type k  2 has been obtained by Bruna, Nagel, and Wainger [1]; precisely speaking, |F[dσ ](x)| is equivalent to
σ [B(ξ(x),1/|x|)]. They define a family of anisotropic balls on Σ by letting
B(ξ0, s) =
{
ξ ∈ Σ : dist(ξ, Tξ0(Σ))< s}
where ξ0 ∈ Σ . We now recall some properties of the anisotropic balls B(ξ0, s) associated with Σ . The proof of the
doubling property in [1] makes it possible to obtain the following stronger estimate for the surface measure of these
balls
σ
[B(ξ0, γ s)]{γ n−12 σ [B(ξ0, s)], γ  1,
γ
n−1
k σ [B(ξ0, s)], γ < 1.
(2.2)
It also follows from the triangle inequality and the doubling property [1] that there is a positive constant C > 0
independent of s > 0 such that
1
C
σ
[B(ξ0, s)] σ [B(ξ, s)] Cσ [B(ξ0, s)] for any ξ ∈ B(ξ0, s). (2.3)
Next we recall a useful lemma [15] due to E.M. Stein, M.H. Taibleson, and G. Weiss on summing up weak type
functions.
Lemma 2.3. Let 0 < p < 1. Suppose that {hk} is a sequence of measurable functions defined on Rn such that for all
k ∈ N,
‖hk‖Lp,∞  1.
If {ck} ∈ p , then we have the following estimate∥∥∥∥∥
∞∑
k=1
ckhk
∥∥∥∥∥
Lp,∞

(
2 − p
1 − p
)1/p∥∥{ck}∥∥p .
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a constant C = C(Σ) > 0 such that for any y ∈ B(0; s) and x ∈ B(0;2s)c, 0 < s  1,
ξ(x − y) ∈ B(ξ(x),C/|x|)
where ξ(x) is the point of Σ whose outer unit normal is in the direction x.
Lemma 2.5. Let Σ be a smooth convex hypersurface of Rn which is of finite type k  2. Then there is a constant
C = C(Σ) > 0 such that for any x, y ∈ Rn with |x| > 2 |y| > 0,
Φ
(
x − y
|x − y|
)
 CΦ
(
x
|x|
)
where Φ is the function defined as in (2.1).
Proof. It easily follows from (2.3), the definition of Φ , and Lemma 2.4 that for any y ∈ B(0; s) and x ∈ B(0;2s)c ,
0 < s  1,
Φ
(
x − y
|x − y|
)
 sup
r>0
σ
[B(ξ(x − y),1/r)](1 + r) n−12
 sup
r>0
σ
[B(ξ(x),1/r)](1 + r) n−12 = Φ( x|x|
)
.
Thus this implies that for any x, y ∈ Rn with |x| > 2|y| > 0,
Φ
(
x − y
|x − y|
)
= Φ
(
x/|y| − y/|y|
|x/|y| − y/|y||
)
Φ
(
x/|y|
|x/|y||
)
= Φ
(
x
|x|
)
. 
We shall employ a decomposition of the multiplier d(1 − d)δ(p)+ like that of the Bochner–Riesz multiplier
(1 − |ξ |2)δ(p)+ used in Córdoba [3], where d ∈ C∞(Rn0) is a non-radial homogeneous distance function of degree
d ∈ N. Let φ ∈ C∞c (1/2,2) be a function satisfying
∑
k∈Z φ(2kt) = 1 for t > 0. For k ∈ N, let
Φ
δ(p)
k = φ
(
2k+1(1 − d)
)
d(1 − d)δ(p)+
and Φδ(p)0 = d(1 − d)δ(p)+ −
∑
k∈N Φ
δ(p)
k . Then we note
∑
k∈N Φ
δ(p)
k = ϕd(1 − d)δ(p)+ a.e., where ϕ ∈ C∞c (Rn)
is a function supported in the closed annulus{
ξ ∈ Rn: 1/2 d(ξ) 2
}
such that
ϕ(ξ) =
∑
k∈N
φ
(
2k+1
(
1 − d(ξ)
)) (2.4)
on the open annulus {ξ ∈ Rn: 1/2 < d(ξ) < 1}. We now introduce a partition of unity Ξ,  = 1,2, . . . ,L0, on the
unit sphere Σd which we extend to Rn by way of Π(tζ ) = Ξ(ζ ), t > 0, ζ ∈ Σd , and which satisfies the following
properties; by compactness of Σd , there are a sufficiently large finite number of points ζ1, ζ2, . . . , ζL0 ∈ Σd such
that for  = 1,2, . . . ,L0,
(a) ∑L0=1 Π(ζ ) ≡ 1 for all ζ ∈ Σd ,
(b) Ξ(ζ ) = 1 for all ζ ∈ Σd ∩B(ζ;2−M0/2),
(c) Ξ is supported in Σd ∩B(ζ;21−M0/2),
(d) |DαΠ(ξ)| 2|α|M0/2 for any multi-index α, if 1/2 d(ξ) 2,
(e) L0  2(n−1)M0/2 for some sufficiently large fixed M0 (to be chosen later),
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F−1[ϕΠd(1 − d)δ(p)+ ] and Kδ(p)0 =F−1[Φδ(p)0 ].
Next we invoke a simple observation to obtain decay estimate for kernels Kδ(p)d , K
δ(p)
0 corresponding to the de-
composition of the Bochner–Riesz type multiplier defined above. Without loss of generality, we can assume that
d ∈ C∞(Rn) because we can replace d by N1d for sufficiently large N1 > 0 by a subordination argument in [3].
Then we easily see that the kernelKδ(p)0 has a nice decay, and so its corresponding square function admits (Hp,Lp,∞)-
estimate for the critical index δ(p) = n(1/p − 1/2)− 1/2, 0 <p < 1. Thus we concentrate upon obtaining the decay
estimate for the kernel Kδ(p)d ; in particular, in the first half of this section we shall show that the following summation
of Nth derivatives∑
|α|=N
1
α!D
αKδ(p)d (x)
of the kernel Kδ(p)d has the same decay as that of the kernel K
δ(p)
d
with the constant not depending upon N ∈ N, where
α = (α1, α2, . . . , αn) ∈ (N ∪ {0})n is a multi-index, α! = α1!α2! · · ·αn!, and
DαKδ(p)d (x) =
(
∂
∂x1
)α1( ∂
∂x2
)α2
· · ·
(
∂
∂xn
)αn
Kδ(p)d (x).
We observe that for any multi-index α = (α1, α2, . . . , αn) ∈ (N ∪ {0})n,
DαKδ(p)d (x) =F−1
[
i|α|ξαϕ(ξ)Π(ξ)d(ξ)
(
1 − d(ξ)
)δ(p)
+
]
(x), (2.5)
where we denote by ξα = ξα11 ξα22 · · · ξαnn .
Now we introduce polar coordinates with respect to a homogeneous distance function d ∈ C∞(Rn0) as follows;
the diffeomorphism
R+ ×Σ → Rn0, (, ζ ) → ζ = ξ, ζ ∈ Σd
defines polar coordinates with respect to  by way of
dξ = n−1〈ζ,n(ζ )〉d dσ(ζ ),
where dσ(ζ ) denotes the surface area measure on Σd and n(ζ ) is the outer unit normal vector to Σd at ζ ∈ Σd .
Now fix ζ ∈ Σd . Then the unit sphere Σd can be parametrized near ζ ∈ Σd by a map
w → P(w), w ∈ Rn−1, |w| < 1,
such that P(0) = ζ. Then there is a neighborhood U0 of ζ with compact closure and a neighborhood V0 of the origin
in Rn−1 so that the map
Q : (1/2,3/2)× V0 → U0, (,w) →Q(,w) = P(w) (2.6)
is a diffeomorphism with Q(1,0) = ζ. The Jacobian of Q is given by
J(,w) = n−1〈P(w),n(P(w))〉R(w),
where R(w) is positive and[R(w)]2 = det([dP
dw
]∗[
dP
dw
])
.
Lemma 2.6. Suppose that d ∈ C∞(Rn0) is a non-radial homogeneous distance function of degree d ∈ N. Let ξ, U0,
and P be as above. If δ(p) = n(1/p − 1/2) − 1/2 for 0 < p < 1, then for each M ∈ N, there are η = η(M) > 0,
μ = μ(M) > 0, a sufficiently large M0 > 0 in (a)–(e), ε0 > 0, a neighborhood U1 of ζ with supp(ϕΠ) ⊂ U1 ⊂ U0,
and a neighborhood V1 of the origin in Rn−1 so that (2.6) holds and such that for any α ∈ (N ∪ {0})n,∣∣DαKδ(p)d (x)∣∣ ημ|α|(1 + |x|)−M if
∣∣∣∣〈 x ,n(ξ)〉∣∣∣∣ 1 − ε0 (2.7)|x|
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DαKδ(p)d (x) =
M−1∑
j=0
hj (x)+O
(|x|−M) if ∣∣∣∣〈 x|x| ,n(ξ)
〉∣∣∣∣ 1 − ε0, (2.8)
where
hj (x) = |x|−δ(p)−1−j
∫
Σd
e
i|x|〈 x|x| ,ζ 〉kj
(
ζ, x/|x|)dσ(ζ )
and kj ∈ C∞0 (P(V0)× Sn−1) for j = 0,1,2, . . . ,M − 1. In particular,
k0
(
ζ, x/|x|)= (δ(p)+ 1)e−iπ(δ(p)+1)/2ζ αΠ(ζ )〈ζ,n(ζ )〉[〈x/|x|, ζ 〉]−δ(p)−1.
Proof. Applying generalized polar coordinates that we introduced above, we have that
DαKδ(p)d (x) =
∫ ∫
e
i|x|〈 x|x| ,ζ 〉(1 − )δ(p)+ ζ αϕ(ζ )Π(ζ )n+|α|
〈
ζ,n(ζ )
〉
d dσ(ζ )
=
∫ [∫
e
i|x|〈 x|x| ,P(w)〉wα′
[P(w)]αnϕ[Q(,w)]Π[Q(,w)]J(,w)dw]n+|α|(1 − )δ(p)+ d

∫
Hδ(p) (x,)n+|α|(1 − )δ(p)+ d. (2.9)
We note that if |〈θ,n(ζ)〉| < 1, then we have that
∇w
〈
θ,P(w)〉∣∣
w=0 = 0.
Combining this with the homogeneity condition on the distance function d and choosing a sufficiently large M0 > 0
in (a)–(e), we may select ε0 > 0, a neighborhood U1 of ζ with supp(ϕΠ) ⊂ U1 ⊂ U0, and a neighborhood V1 of the
origin in Rn−1 so that (2.6) holds, and such that for all (w,) ∈ V1 × [1/2,1],∣∣∇w〈θ,P(w)〉∣∣ c0 if ∣∣〈θ,n(ζ)〉∣∣ 1 − ε0
and
c1 
∣∣∣∣ ∂∂ 〈θ,P(w)〉
∣∣∣∣ c2 if ∣∣〈θ,n(ζ)〉∣∣ 1 − ε0 (2.10)
for some c0 > 0, c1 > 0, and c2 > 0. We choose some e ∈ Sn−2 so that for all (w,) ∈ V1 × [1/2,1],∣∣Dwe 〈θ,P(w)〉∣∣ 12 ∣∣∇w〈θ,P(w)〉∣∣ 12c0 if ∣∣〈θ,n(ζ)〉∣∣ 1 − ε0. (2.11)
If |〈θ,n(ζ)〉|  1 − ε0, we apply the integration of Hδ(p)d (x,) by parts with respect to w-variable N -times to
obtain that
Hδ(p)d (x,) =
∫
e
i|x|〈 x|x| ,P(w)〉(Dte)M[wα′[P(w)]αd ϕ[Q(,w)]Π[Q(,w)]J(,w)]dw, (2.12)
where Dte denotes the transpose of the differential operator
Deg = 1Dwe [〈 x|x| , P(w)〉]
Dwe g; i.e. Dteg = −Dwe
(
g
Dwe [〈 x|x| , P(w)〉]
)
.
Thus, it follows from (2.9), (2.11), and (2.12) that for each M ∈ N, there are constants η = η(M),μ = μ(M) > 0 such
that for any α ∈ (N ∪ {0})n,∣∣DαKδ(p)d (x)∣∣ ημ|α|(1 + |x|)−M. (2.13)
If |〈θ,n(ζ)〉|  1 − ε0, then by (2.10), the above (2.8) follows from the asymptotic result (see [5]) of (2.9) with
respect to -variable. Therefore we complete the proof. 
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near the horizontal part of Σd , i.e. from points x ∈ Rn whose unit vector x/|x| is almost parallel to n(ζ).
If |〈θ,n(ζ)〉| 1 − ε0, then by (2.8) we can deduce the following estimate; for any multi-index α ∈ (N ∪ {0})n,
DαKδ(p)d (x) ∼ |x|−δ(p)−1
∫
Σd
e
i|x|〈 x|x| ,ζ 〉k0
(
ζ, x/|x|)dσ(ζ ), (2.14)
where
k0
(
ζ, x/|x|)= (δ(p)+ 1)e−iπ(δ(p)+1)/2ζ αΠ(ζ )〈ζ,n(ζ )〉[〈x/|x|, ζ 〉]−δ(p)−1.
Without loss of generality, we can assume that rd  sup{|ζ |: ζ ∈ Σd } 1; for, by the change of variable, we may
choose a sufficiently large N1 > 0 so that r′d  1 and
Kδ(p)d (x) = Nd1F−1
[
′d(ξ)
(
1 − ′d(ξ)
)δ(p)
+
]
(N1x),
where Kδ(p)d (x) = F−1[d(ξ)(1 − d(ξ))δ(p)+ ](x) and ′d(ξ) = d(N1ξ). Since |ζ α| 1 by rd  1, it easily follows
from (2.1), the fact that |F[dσ ](x)| ∼ σ [B(ξ(x),1/|x|)] mentioned above, and (2.14) that for any multi-index α ∈
(N ∪ {0})n,∣∣DαKδ(p)d (x)∣∣ C(1 + |x|)n/p Φ
(
x
|x|
)
. (2.15)
Hence, by (2.15) and the multinomial theorem, we obtain that for any N ∈ N,∑
|α|=N
1
α!
∣∣DαKδ(p)d (x)∣∣ ∑
|α|=N
1
α!
1
(1 + |x|)n/p Φ
(
x
|x|
)
= n
N
N !
1
(1 + |x|)n/p Φ
(
x
|x|
)
 1
(1 + |x|)n/p Φ
(
x
|x|
)
. (2.16)
If |〈θ,n(ζ)〉| 1−ε0, then it easily follows from (2.7) and the multinomial theorem that for any N > dμ([n/p+1]),∑
|α|=N
1
α!
∣∣DαKδ(p)d (x)∣∣ ∑
|α|=N
1
α!
η([n/p + 1])[μ([n/p + 1])]|α|
(1 + |x|)n/p
= n
N [μ([n/p + 1])]N
N !
η([n/p + 1])
(1 + |x|)n/p
 η([n/p + 1])
(1 + |x|)n/p . (2.17)
Therefore we can easily obtain the following corollaries.
Corollary 2.7. Suppose that d ∈ C∞(Rn0) is a non-radial homogeneous distance function of degree d ∈ N. Let ξ,U0, and P be as above. If δ(p) = n(1/p− 1/2)− 1/2 for 0 <p < 1, then there are constants μ0 = μ([n/p+ 1]) > 0
and η0 = η([n/p + 1]) > 0 given in (2.13), a sufficiently large M0 > 0 in (a)–(e), ε0 > 0, a neighborhood U1 of ζ
with supp(ϕΠ) ⊂ U1 ⊂ U0, and a neighborhood V1 of the origin in Rn−1 so that (2.6) holds and such that for any
N > dμ0,∑
|α|=N
1
α!
∣∣DαKδ(p)d (x)∣∣ η0(1 + |x|)n/p if
∣∣∣∣〈 x|x| ,n(ξ)
〉∣∣∣∣ 1 − ε0 (2.18)
and ∑
|α|=N
1
α!
∣∣DαKδ(p)d (x)∣∣ 1(1 + |x|)n/p Φ
(
x
|x|
)
if
∣∣∣∣〈 x|x| ,n(ξ)
〉∣∣∣∣ 1 − ε0, (2.19)
where α ∈ (N ∪ {0})n is a multi-index.
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Kδ(p)d (x) = F−1[d(1 − d)δ(p)+ ](x) for 0 < p < 1, then we have the following uniform estimate; there is a constant
C = C(n,p) > 0 such that for any N ∈ N,∣∣Kδ(p)d (x)∣∣+ ∑
|α|=N
1
α!
∣∣DαKδ(p)d (x)∣∣ C(1 + |x|)n/p Φ
(
x
|x|
)
,
where α ∈ (N ∪ {0})n is a multi-index. Here the constant C > 0 is independent of N ∈ N.
We now introduce the real Hardy space Hp(Rn) defined in terms of atomic decompositions along the pattern of
Stein [14]. Let 0 <p  1. For μ n(1/p − 1), a function a ∈ L∞(Rn) is called a (p,μ)-atom centered at x0 ∈ Rn if
it satisfies
(i) there is a ball B(x0; s) with supp(a) ⊂ B(x0; s),
(ii) ‖a‖L∞  |B(x0; s)|−1/p , and
(iii) ∫
Rn
a(x)xα dx = 0 for |α| μ,
where α = (α1, α2, . . . , αn) is an n-tuple of nonnegative integers and |α| =∑ni=1 αi  μ. If f =∑∞k=1 ckak where
the ak’s are (p,μ)-atoms and {ck} ∈ p , then f ∈ Hp(Rn) and ‖f ‖pHp 
∑
k |ck|p and the converse inequality also
holds (see [14]).
Proof of Theorem 1.1. Fix 0 < p < 1. Let a be a (p,n(1/p − 1))-atom supported in the ball B(x0; s) with center
x0 ∈ Rn and radius s > 0. Then we see that
Gδ(p)d a(x) =
( ∞∫
0
∣∣Kδ(p)d ,t ∗ a(x)∣∣2 dtt
)1/2
, (2.20)
where Kδ(p)d ,t (x) = tnKδ(p)d (tx) and Kδ(p)d (x) = F−1[d(1 − d)δ(p)+ ](x). Then it follows from changing the order of
integration and the Plancherel’s theorem that
∥∥Gδ(p)d a∥∥2L2 = ∫
Rn
∣∣aˆ(ξ)∣∣2 ∞∫
d
√
d(ξ)
(
d(ξ)
td
)2(
1 − d(ξ)
td
)2δ(p)
dt
t
dξ
=
(
1
d
1∫
0
t (1 − t)2δ(p) dt
)
‖aˆ‖2
L2  ‖a‖2L2, δ(p) > −1/2. (2.21)
By Plancherel’s theorem, (2.21), and Hölder’s inequality with p/2 + 1/q = 1, we have that∫
B(x0;2s)
∣∣Gδ(p)d a(x)∣∣p dx  ∥∥Gδ(p)d a∥∥pL2 ∣∣B(x0;2s)∣∣1/q C.
Thus by Chebyshev’s inequality we have that for all λ > 0,∣∣{x ∈ B(x0;2s): ∣∣Gδ(p)d a(x)∣∣> λ/2}∣∣ λ−p.
Thus it suffices to show that∣∣{x ∈ B(x0;2s)c: ∣∣Gδ(p)d a(x)∣∣> λ/2}∣∣ λ−p, λ > 0.
Since Kδ(p)d ,t ∗ a is translation invariant, we may assume that x0 = 0. If we set b(x) = sn/pa(tx), then b is clearly a
(p,n(1/p − 1))-atom that is supported in the unit ball B(0;1). We observe that
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Gδ(p)d a(x) = s−n/p
( ∞∫
0
∣∣Kδ(p)d ,t ∗ b(x/s)∣∣2 dtt
)1/2
. (2.22)
If x ∈ B(0;2)c, then it follows from Lemma 2.5, Corollary 2.8, and Minkowski’s integral inequality that
( ∞∫
1
∣∣Kδ(p)d ,t ∗ b(x)∣∣2 dtt
)1/2

∫
B(0;1)
Φ
(
x − y
|x − y|
)( ∞∫
1
t2n
(1 + t |x|)2n/p
dt
t
)1/2
dy
Φ
(
x
|x|
)
1
|x|n
( ∞∫
1+|x|
t
2n−1− 2n
p dt
)1/2
 1
(1 + |x|)n/p Φ
(
x
|x|
)
. (2.23)
Thus by (2.22) and (2.23) we have that
s−n/p
( ∞∫
1
∣∣Kδ(p)d ,t ∗ b(x/s)∣∣2 dtt
)1/2
 1
(s + |x|)n/p Φ
(
x
|x|
)
, (2.24)
provided that x ∈ B(0;2s)c. Let N0 be an integer satisfying N0 < n(1/p − 1)N0 + 1, i.e. n/(n + N0 + 1) p <
n/(n + N0). If x ∈ B(0;2)c , let Qt,x(y) be the N0th order Taylor polynomial of the function y → Kδ(p)d (t (x − y))
expanded near the origin. If x ∈ B(0;2)c , then it follows from the moment condition on the atom b, Taylor’s theorem,
Minkowski’s integral inequality, Lemma 2.5, and Corollary 2.8 that
( 1∫
0
∣∣Kδ(p)d ,t ∗ b(x)∣∣2 dtt
)1/2

( 1∫
0
∣∣∣∣ ∫
B(0;1)
[Kδ(p)d (t (x − y))−Qt,x(y)]dy∣∣∣∣2t2n−1 dt
)1/2

( 1∫
0
∣∣∣∣∣
1∫
0
∫
B(0;1)
∑
|α|=N0+1
1
α!
∣∣DαKδ(p)d (t (x − τy))∣∣dy dτ
∣∣∣∣∣
2
t2n+2(N0+1)−1 dt
)1/2

( 1∫
0
∣∣∣∣∣
1∫
0
∫
B(0;1)
1
(1 + t |x − τy|)n/p Φ
(
x − τy
|x − τy|
)
dy dτ
∣∣∣∣∣
2
t2n+2(N0+1)−1 dt
)1/2

1∫
0
( 1∫
0
( ∫
B(0;1)
1
(1 + t |x − τy|)n/p Φ
(
x − τy
|x − τy|
)
dy
)2
t2n+2(N0+1)−1 dt
)1/2
dτ

1∫
0
( ∫
B(0;1)
Φ
(
x − τy
|x − τy|
)( 1∫
0
t2n+2(N0+1)−1
(1 + t |x − τy|)2n/p dt
)1/2
dy
)
dτ
Φ
(
x
|x|
)( 1∫
t2n+2(N0+1)−1
(1 + t |x|)2n/p dt
)1/20
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(
x
|x|
)
1
|x|n+(N0+1)
( 1+|x|∫
1
t
2n+2(N0+1)−1− 2np dt
)1/2
 1
(1 + |x|)n/p Φ
(
x
|x|
)
,
because n+ (N0 + 1)− n/p  0. Combining this with (2.22), we have that
s−n/p
( 1∫
0
∣∣Kδ(p)d ,t ∗ b(x/s)∣∣2 dtt
)1/2
 1
(s + |x|)n/p Φ
(
x
|x|
)
, (2.25)
provided that x ∈ B(0;2s)c. Thus by (2.22), (2.24), and (2.25) we conclude that
Gδ(p)d a(x)
1
(s + |x|)n/p Φ
(
x
|x|
)
, (2.26)
whenever x ∈ B(0;2s)c. Hence we have the following estimate
∫
{x∈B(0;2s)c: Gδ(p)d a(x)>λ}
dx 
∫
Sn−1
( λ−p/nΩ(θ)p/n∫
2s
rn−1 dr
)
dθ  λ−p
because Ω ∈ Lp(Sn−1) for any p < 1 by Lemma 2.2. Therefore by Lemma 2.3 we complete the proof. 
3. (Hp,Lp)-estimate for the case that d ∈ C∞(Rn0 ) and δ > δ(p), 0 < p < 1
We shall adopt another decomposition of the Bochner–Riesz type multiplier d(1 − d)δ+ as in Córdoba [3] where
d ∈ C∞(Rn0) is a non-radial homogeneous distance function of degree d ∈ N. Let a function φ ∈ C∞c (1/2,2) satisfy∑
k∈Z φ(2kt) = 1 for all t > 0. For k ∈ N, let Φδk = φ(2k+1(1−d))d(1−d)δ+ and Φδ0 = d(1−d)δ+ −
∑
k∈N Φδk .
For each k ∈ Z, we now introduce a partition of unity Ξk,  = 1,2, . . . ,Nk , on the unit sphere Σd which we extend
to Rn by way of Πk(Atζ ) = Ξk(ζ ), t > 0, ζ ∈ Σd , and which satisfies the following properties; there are a finite
number of points ζk1, ζk2, . . . , ζkNk ∈ Σd such that for  = 1,2, . . . ,Nk ,
(i) ∑Nk=1 Πk(ζ ) ≡ 1 for all ζ ∈ Σd ,
(ii) Ξk(ζ ) = 1 for all ζ ∈ Σd ∩B(ζk;2−k/2),
(iii) Ξk is supported in Σd ∩B(ζk; c12−k/2),
(iv) |DαΠk(ξ)| c22|α|k/2 for any multi-index α, if 1/2 d(ξ) 2,
(v) Nk  c32(n−1)k/2 for fixed k,
where B(ζ0; s) denotes the ball in Rn with center ζ0 ∈ Σd and radius s > 0 and the positive constants c1, c2, c3 do
not depend upon k. For each k ∈ Z, let Hδdk =F−1[ΦδkΠk] and H0 =F−1[Φδ0].
Next we invoke a simple observation as in Section 2 to obtain decay estimate for kernels Hk, H0 corresponding
to the decomposition of the Bochner–Riesz multiplier defined above. Without loss of generality, we can assume that
d ∈ C∞(Rn) because we can replace d by Nd for sufficiently large N > 0 by a subordination argument in [4].
Then we easily see that the kernel H0 has a nice decay, and so its corresponding square function admits (Hp,Lp,∞)-
estimate for the index δ > n(1/p−1/2)−1/2 and 0 <p < 1. Thus we concentrate upon obtaining the decay estimate
for the kernels Hδ .dk
Y.-C. Kim / J. Math. Anal. Appl. 339 (2008) 266–280 277Lemma 3.1. Suppose that d ∈ C∞(Rn0) is a non-radial homogeneous distance function of degree d ∈ N. For fixed
k ∈ N and for  = 1,2, . . . ,Nk , let Tζk(Σd ) be the tangent space of Σd at ζk ∈ Σd , {ejk}n−1j=1 be an orthonormal
basis of Tζk(Σd ), and e0k be the outer unit normal vector to Σd at ζk ∈ Σd . Then we have the following estimate∣∣Hδdk(x)∣∣ CN2−k(δ+1+(n−1)/2)
(1 + 2−k|〈x, e0k〉|)N
∏n−1
j=1(1 + 2−k/2|〈x, ejk〉|)N
for any N ∈ N.
Proof. We need the following simple observation: let d ∈ C∞(Rn) and F ∈ CN(R+). For e ∈ Sn−1, let Def be the
directional derivative 〈e,∇f 〉. Then by simple calculation one can have the following formula
DNe (F ◦ d) =
N∑
ν=1
F (ν) ◦ d
∑
β∈YNν
ν∑
m=1
cN,βmDβe d (3.1)
where YNν = {β:
∑ν
m=1 βm = N, at least ν − N2 of the numbers βm are equal to 1}, β = (β1, . . . , βν) is a multi-
index, and cN,βm ’s are some constants. For k ∈ N, let Fk(t) = φ(2k+1(1 − t))(1 − t)δ+. Then it follows from simple
computation that
F
(ν)
k (t) = (−1)ν
ν∑
i=0
C(ν, i)C(δ, ν − i)2i(k+1)φ(i)(2k+1(1 − t))(1 − t)δ−ν+i (3.2)
where C(ν, i) = ν(ν − 1)(ν − 2) · · · (ν − i + 1) for positive integers ν, i, and C(ν,0) = 1. If we set Gk(t) =
φ(2k+1(1 − t))t (1 − t)δ+ for k ∈ N, then we have that
G
(ν)
k (t) = νF (ν−1)k (t)+ tF (ν)k (t). (3.3)
For fixed k, , by (3.1), (3.2), and (3.3), we have the estimate∥∥DN
e0k
[
ΦδkΠk
]∥∥
L1  c2
−k( n+12 )2−kδ2kN (3.4)
for any N ∈ N. Since we have the better estimate |D
e
j
k
d |  c2−k/2 on the support of F[Hδdk] for fixed j, k, , it
follows from (3.1) and Taylor’s theorem that∥∥DN
e
j
k
[
ΦδkΠk
]∥∥
L1  c2
−k( n+12 )2−kδ2kN/2 (3.5)
for any N ∈ N. Using the integration by parts, it follows from (3.4) and (3.5) that
∣∣Hδdk(x)∣∣ CN2−(δ+1+(n−1)/2)k
(1 + 2−k|〈x, e0k〉|)N
∏n−1
j=1(1 + 2−k/2|〈x, ejk〉|)N
(3.6)
for any N ∈ N. 
Lemma 3.2. Suppose that d ∈ C∞(Rn0) is a non-radial homogeneous distance function of degree d ∈ N. If δ >
n(1/p− 1/2)− 1/2 for 0 <p < 1, let a positive number p′ <p be chosen so that δ = n(1/p′ − 1/2)− 1/2. For fixed
k ∈ N and for  = 1,2, . . . ,Nk , let Tζk(Σd ) be the tangent space of Σd at ζk ∈ Σd , {ejk}n−1j=1 be an orthonormal
basis of Tζk(Σd ), and e0k be the outer unit normal vector to Σd at ζk ∈ Σd . Then we have the following estimate
∣∣Hδdk(x)∣∣+ ∣∣∇Hδdk(x)∣∣ Cp2−k(
n−1
2p′ )∏n−1
j=0(1 + |〈x, ejk〉|)1/p′
 Cp2
−k( n−12p′ )Qk(x).
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observe that ∇Hδdk = ϕ ∗Hδdk for some ϕ ∈ S(Rn). 
For f ∈ S(Rn), δ ∈ R, k ∈ N, and  = 1,2, . . . ,Nk , let
Gδdkf (x) =
( ∞∫
0
∣∣Hδ,tdk ∗ f (x)∣∣2 dtt
)1/2
where Hδ,tdk(x) = tnHδdk(tx). We now need an elementary inequality to obtain the decay estimate of square func-
tions Gδdk corresponding to such kernels H
δ,t
dk
which act on certain atoms. We shall now state it without proof.
Lemma 3.3. For any a  1 and b 0, we have that 1
a1/p
 ( 1+b
a+b )
1/p for p > 0.
Lemma 3.4. Suppose that d ∈ C∞(Rn0) is a non-radial homogeneous distance function of degree d ∈ N. If δ >
n(1/p− 1/2)− 1/2 for 0 <p < 1, let a positive number p′ <p be chosen so that δ = n(1/p′ − 1/2)− 1/2. Suppose
that a is a (p,n(1/p′ − 1))-atom on Rn which is supported in the ball B(x0; s) with center x0 ∈ Rn and radius s > 0.
Then there is a constant C = C(n,p) > 0 such that
(a) Gδdka(x)Cs−n/p2
−k( n−12p′ )Qk( x−x0s ) for any x ∈ B(x0;2s)c,
(b) ‖(Gδdka)χB(x0;2s)c‖Lp  C2
−k( n−12p′ )
,
where Qk(x) is the function given in Lemma 3.2.
Proof. (a) We first assume that a is a (p,n(1/p′ − 1))-atom which is supported in the unit ball B(0;1) centered at
the origin. If x ∈ B(0;2)c , then it easily follows from Lemmas 3.2, 3.3, and Minkowski’s integral inequality that( ∞∫
1
∣∣Hδ,tdk ∗ a(x)∣∣2 dtt
)1/2
 2−k(
n−1
2p′ )
∫
B(0;1)
Qk(x − y)
( ∞∫
1
t
2n−1− 2n
p′ dt
)1/2
dy
 2−k(
n−1
2p′ )
∫
B(0;1)
n−1∏
j=0
(1 + |〈y, ejk〉|)1/p
′
(1 + |〈x − y, ejk〉| + |〈y, ejk〉|)1/p′
dy
 2−k(
n−1
2p′ )Qk(x), (3.7)
because n(1 − 1/p′) < 0 and |〈x, ejk〉|  |〈x − y, ejk〉| + |〈y, ejk〉|. Let N1 ∈ N be an integer satisfying that N1 <
n(1/p′ − 1)N1 + 1, i.e. n/(n + N1 + 1) p′ < n/(n + N1). If x ∈ B(0;2)c , let Qt,x(y) be the N1th order Taylor
polynomial of the function y →Hδdk(t (x − y)) expanded near the origin. If x ∈ B(0;2)c, then it follows from the
moment condition on the atom a, Taylor’s theorem, Minkowski’s integral inequality, Lemmas 3.2, and 3.3 that( 1∫
0
∣∣Hδdk ∗ a(x)∣∣2 dtt
)1/2

( 1∫
0
∣∣∣∣ ∫
B(0;1)
[Hδdk(t (x − y))−Qt,x(y)]dy∣∣∣∣2t2n−1 dt
)1/2

( 1∫
0
∣∣∣∣∣
1∫
0
∫
B(0;1)
∑
|α|=N1+1
1
α!
∣∣DαHδdk(t (x − τy))∣∣dy dτ
∣∣∣∣∣
2
t2n+2(N1+1)−1 dt
)1/2

( 1∫ ∣∣∣∣∣
1∫ ∫ n−1∏
j=0
2−k(
n−1
2p′ )
(1 + t |〈x − τy, ejk〉|)1/p′
dy dτ
∣∣∣∣∣
2
t2n+2(N1+1)−1 dt
)1/20 0 B(0;1)
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1∫
0
( ∫
B(0;1)
2−k(
n−1
2p′ )Qk(x − τy) dy
)( 1∫
0
t
2n+2(N1+1)−1− 2np′ dt
)1/2
dτ
 2−k(
n−1
2p′ )
1∫
0
( ∫
B(0;1)
n−1∏
j=0
(1 + τ |〈y, ejk〉|)1/p
′
(1 + |〈x − τy, ejk〉| + τ |〈y, ejk〉|)1/p′
dy
)
dτ
 2−k(
n−1
2p′ )Qk(x),
because n+(N1 +1)−n/p′  0 and |〈x, ejk〉| |〈x−τy, ejk〉|+τ |〈y, ejk〉| for 0 < τ < 1. Combining this with (3.7),
we have that
Gδdka(x) 2
−k( n−12p′ )Qk(x), (3.8)
whenever x ∈ B(0;2)c.
Finally, let a be a (p,n(1/p′ − 1))-atom supported in the ball B(x0; s). If we set b(x) = sn/pa(s(x − x0)), then b
is clearly a (p,n(1/p′ − 1))-atom supported in the unit ball B(0;1). We also observe that
Hδdk ∗ a(x) = s−n/pHδ,stdk ∗ b
(
(x − x0)/s
)
,
Gδdka(x) = s−n/p
( ∞∫
0
∣∣Hδ,tdk ∗ b((x − x0)/s)∣∣2 dtt
)1/2
. (3.9)
Thus by (3.8) and (3.9) we can complete the part (a).
(b) We observe that there is a constant C = C(n,p) > 0 such that for any x0 ∈ Rn and for any k ∈ N,
 = 1,2, . . . ,Nk ,∥∥Qk((· − x0)/s)∥∥Lp  Csn/p. (3.10)
Then it easily follows from the change of variable and (3.10) that∥∥(Gδdka)χB(x0;2s)c∥∥Lp  Cs−n/p2−k( n−12p′ )∥∥Qk((· − x0)/s)∥∥Lp  C2−k( n−12p′ ). 
Proof of Theorem 1.2. First of all, we prove that if δ > n(1/p − 1/2) − 1/2 for 0 < p < 1 then Gδda ∈ Lp(Rn)
for any (p,n(1/p′ − 1))-atom on Rn where p′ < p is a positive number satisfying δ = n(1/p′ − 1/2) − 1/2, and
moreover there is a constant C > 0 independent of such atoms such that ‖Gδda‖Lp  C. Let a be a (p,n(1/p′ − 1))-
atom supported in the ball B(x0; s) with center x0 ∈ Rn and radius s > 0. Then it follows from Plancherel’s theorem,
(2.21), and Hölder’s inequality with p/2 + 1/q = 1 that∫
B(x0;2s)
∣∣Gδda(x)∣∣p dx  ∥∥Gδda∥∥pL2 ∣∣B(x0;2s)∣∣1/q  C. (3.11)
Since 0 <p < 1, it easily follows from (3.11), (v) of p. 276, and (b) of Lemma 3.4 that∥∥Gδda∥∥pLp = ∥∥(Gδda)χB(x0;2s)∥∥pLp + ∥∥(Gδda)χB(x0;2s)c∥∥pLp
 2n/q +
∞∑
k=1
Nk∑
=1
∥∥(Gδdka)χB(x0;2s)c∥∥pLp
 2n/q +
∞∑
k=1
2−k(
p
p′ −1)( n−12 )  C. (3.12)
280 Y.-C. Kim / J. Math. Anal. Appl. 339 (2008) 266–280Finally, if f =∑∞j=1 cjaj where the aj ’s are (p,n(1/p′ − 1))-atoms and {cj } ∈ p , then by (3.12) we have the
estimate∥∥Gδd f ∥∥pLp ∑
j
|cj |p
∥∥Gδdaj∥∥pLp ∑
j
|cj |p.
Hence this completes the proof. 
Acknowledgments
The author thanks for the referee’s kind and helpful comments.
References
[1] J. Bruna, A. Nagel, S. Wainger, Convex hypersurfaces and Fourier transforms, Ann. of Math. 127 (1988) 333–365.
[2] A. Carbery, Radial Fourier multipliers and associated maximal functions, in: Recent Progress in Fourier Analysis, Elsevier, 1985, pp. 49–56.
[3] A. Córdoba, A note on Bochner–Riesz operators, Duke Math. J. 46 (1979) 505–511.
[4] H. Dappa, W. Trebels, On maximal functions generated by Fourier multipliers, Ark. Mat. 23 (1985) 241–259.
[5] A. Erdélyi, Asymptotic expansions, Dover, New York, 1956.
[6] S. Igari, S. Kuratsubo, A sufficient condition for Lp-multipliers, Pacific J. Math. 38 (1971) 85–88.
[7] M. Kaneko, G. Sunouchi, On the Littlewood–Paley and Marcinkiewicz functions in higher dimensions, Tôhoku Math. J. 37 (1985) 343–365.
[8] Y.-C. Kim, Almost everywhere convergence of quasiradial Bochner–Riesz means, J. Math. Anal. Appl. 232 (1999) 332–346.
[9] Y.-C. Kim, Weak type estimates of the maximal quasiradial Bochner–Riesz operator on certain Hardy spaces, Canad. Math. Bull. 46 (2003)
191–203.
[10] B. Randol, On the asymptotics behavior of the Fourier transform of the indicator function of a convex set, Trans. Amer. Math. Soc. 139 (1969)
279–285.
[11] S. Sato, Spherical summability and a vector-valued inequality, Bull. London Math. Soc. 27 (1995) 58–64.
[12] A. Seeger, On quasiradial Fourier multipliers and their maximal functions, J. Reine Angew. Math. 370 (1986) 61–73.
[13] E.M. Stein, Localization and summability of multiple Fourier series, Acta Math. 100 (1985) 93–147.
[14] E.M. Stein, Harmonic Analysis; Real Variable Methods, Orthogonality, and Oscillatory Integrals, Princeton Univ. Press, 1993.
[15] E.M. Stein, M.H. Taibleson, G. Weiss, Weak type estimates for maximal operators on certain Hp classes, Rend. Circ. Mat. Palermo, Suppl. 1
(1981) 81–97.
[16] E.M. Stein, S. Wainger, Problems in harmonic analysis related to curvature, Bull. Amer. Math. Soc. 84 (1978) 1239–1295.
[17] E.M. Stein, G. Weiss, Introduction to Fourier Analysis on Euclidean Spaces, Princeton Univ. Press, NJ, 1971.
[18] I. Svensson, Estimates for the Fourier transform of the characteristic function of a convex set, Ark. Mat. 9 (1971) 11–22.
